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ABSTRACT
Millimeter wave channels exhibit structure that allows beam align-
ment with fewer channel measurements than exhaustive beam
search. From a compressed sensing (CS) perspective, the received
channel measurements are usually obtained by multiplying a CS
matrix with a sparse representation of the channel matrix. Due to the
constraints imposed by analog processing, designing CS matrices
that efficiently exploit the channel structure is, however, challeng-
ing. In this paper, we propose an end-to-end deep learning technique
to design a structured CS matrix that is well suited to the underly-
ing channel distribution, leveraging both sparsity and the particular
spatial structure that appears in vehicular channels. The channel
measurements acquired with the designed CS matrix are then used
to predict the best beam for link configuration. Simulation results for
vehicular communication channels indicate that our deep learning-
based approach achieves better beam alignment than standard CS
techniques that use the random phase shift-based design.
Index Terms— Compressed sensing, mmWave, deep learning
1. INTRODUCTION
Beam alignment in millimeter wave (mmWave) radios is a challeng-
ing problem due to the use of large antenna arrays and fewer radio
frequency chains than antennas [1]. Exhaustive search-based beam
alignment results in a substantial overhead at mmWave [2]. A pos-
sible approach to reduce this overhead is to use compressed sensing
(CS)-based methods that acquire a lower dimensional channel rep-
resentation [3]. The use of random compressive channel projections
together with algorithms that exploit sparsity of mmWave channels
can achieve fast and accurate beam alignment [4, 5]. Prior work has
shown that structured compressive channel projections may result in
better beam alignment than the use of random projections [6].
Convolutional compressed sensing (CCS) is a structured CS
technique in which the signal of interest is projected onto fewer
circulant shifts of a known signal [7]. We investigate 2D-CCS, i.e.,
CCS of 2D signals, as our focus is on planar antenna arrays. In
2D-CCS-based beam alignment, the transmitter (TX) applies fewer
2D-circulant shifts of a matrix to its antenna array for the receiver
(RX) to acquire compressed channel measurements. Then, the best
beam at the TX is estimated from the compressed measurements us-
ing optimization algorithms [6]. The matrix used in 2D-CCS, called
the base matrix, determines the success of channel sparsity-aware
beam alignment. In typical vehicular communication scenarios,
channels exhibit structure beyond sparsity in the space of beam di-
rections. For example, some beam directions may be more likely to
be optimal than the others [8]. In such a case, the use of structured
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random CS matrices can result in better beam alignment than stan-
dard designs [9]. In this paper, we use deep learning as a tool to find
a base matrix in 2D-CCS that is well suited to the channel prior.
Prior work in imaging [10] and beamforming [11] has consid-
ered deep learning-based CS matrix optimization. In this paper, we
propose a structured CS matrix optimization framework for the beam
alignment problem. Our contributions are as follows. First, we
show how 2D-CCS matrices with complex entries can be realized
with real valued convolutional layers. Second, we propose a deep
learning-based 2D-CCS matrix optimization procedure that accounts
for the hardware constraints associated with radio frequency (RF)
phase shifters. Last, we interpret the CS matrix optimized with deep
learning using properties of the Fourier transform. The structured
training in our 2D-CCS-based method results in fewer optimization
parameters than the CS matrix optimization approach in [11].
Notation: A is a matrix, a is a column vector and a,A denote
scalars. The real and imaginary parts of A are denoted by AR and
AI. A(k, `) denotes the entry of A in the kth row and the `th col-
umn. The `th column ofA is denoted byA(:, `). |A| is a matrix that
contains the magnitude of the entries in A. The Frobenius norm of
A is ‖A‖F. The inner product of two matrices A and B is defined
as 〈A,B〉 = ∑k,`A(k, `)B(k, `). The matrix [A;B] is obtained
by vertically stacking A and B. UN is an N × N unitary discrete
Fourier transform (DFT) matrix. j =
√−1.
2. BEAM ALIGNMENTWITH CONVOLUTIONAL CS
We consider a narrowband system with an N × N uniform planar
array (UPA) at the TX and a single antenna at the RX. The single
antenna assumption at the RX is made for simplicity; an extension
of our approach to receivers with multiple antennas will be consid-
ered in our future work. The TX is equipped with a q-bit phased
antenna array that uses a single RF chain and is mounted on a road
side unit (RSU). The RSU serves an RX which is mounted on top of
a vehicle, as illustrated in Fig. 1. We use H ∈ CN×N to denote the
channel matrix between the UPA at the TX and the single antenna
RX. Note that the (r, c)th entry of H represents the channel coef-
ficient between the (r, c)th antenna at the TX and the RX antenna.
We consider both line-of-sight (LoS) and non-LoS channels in our
simulations. We use Qq to denote the set of possible phase shifts
in the analog beamforming network, i.e., Qq = {ej2pib/2q/N : b ∈
{1, 2, · · · 2q}}. In the mth beam training slot, the TX applies the
phase shift matrix P[m] ∈ QN×Nq to its phased array. The channel
measurement received by the RX for a unit pilot symbol is then
y[m] = 〈H,P[m]〉+ v[m], (1)
where v[m] ∈ C denotes additive white Gaussian noise (AWGN).
We define F as the standard 2D-DFT codebook for the UPA-based
TX. The transmit beam alignment problem is to estimate a beam-
former PBF ∈ F that maximizes the inner product |〈H,P〉|.
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Fig. 1: An illustration of a vehicular communication scenario con-
sidered in this paper. The RSU serves vehicles on the two lanes.
A straightforward approach for beam alignment is to first es-
timate all the N2 coefficients of H using scalar projections of the
form in (1). Then, beam alignment can be performed using the es-
timated channel. Estimating the N × N channel matrix, however,
can result in a significant overhead as the channel dimension is large
in typical mmWave settings. Due to the structure in mmWave vehic-
ular channels, it may be possible to estimate the best beam without
explicit channel estimation. For example, prior work has shown that
beam alignment can be performed with justO(logN) random phase
shift-based compressed measurements of a sparse channel [5]. Al-
though random phase shift-based CS performs well, the question is
if it is possible to construct a CS matrix that is better matched to the
channel prior in vehicular settings.
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Fig. 2: For the vehicular communication scenario in our simula-
tions, the beamspace prior is non-zero over a small set in the space
of 2D-DFT directions. Random phase shift-based CS uses quasi-
omnidirectional beams and does not exploit such an information.
We now discuss the additional channel structure present in a typ-
ical mmWave vehicular communication scenario, such as the one
shown in Fig. 1. For an ensemble of receivers within the cover-
age of an RSU, we show the probability distribution of the best
transmit beams in Fig. 2a. The (i, j)th entry of the beamspace
prior in Fig. 2a is the probability that the (i, j)th 2D-DFT beam,
i.e., UN (:, i)UTN (:, j), is optimal. In our simulation scenario, the
beamspace prior is concentrated over two strips on an N × N grid
of 2D-DFT angles. These two strips correspond to directional beams
that point along the vehicle moving trajectories associated with two
different lanes shown in Fig. 1. Compressed sensing using ran-
dom phase shift matrices, however, does not exploit the fact that the
beamspace probability is concentrated in a small support set. This
is because the beam associated with a random phase shift matrix is
quasi-omnidirectional with a high probability; an example of such
a beam is shown in Fig. 2b. Sensing with a quasi-omnidirectional
pattern is inefficient in vehicular applications, since the vehicle loca-
tions are constrained to the road lanes, and many angular directions
can be discarded apriori.
2.1. Motivation to use 2D-CCS over standard CS
We first describe the measurement model in 2D-CCS when the TX
uses P ∈ QN×Nq as the base matrix [6]. In 2D-CCS, the TX ap-
plies M distinct 2D-circulant shifts of P to its phased array for the
RX to acquire channel measurements. To explain 2D-CCS, we con-
sider a case where the TX applies all the N2 possible 2D-circulant
shifts of P to its antenna array. In this case, M = N2 and the
collection of measurements acquired by the RX is the 2D-circular
cross-correlation between H and P. We denote this circular cross-
correlation as
G = H ?P. (2)
The (r, c)th entry of G can be expressed as
G(r, c) =
∑
k,`
H(k, `)P ((k − r) modN, (`− c) modN) . (3)
Acquiring all the N2 entries of G, however, results in a training
overhead that is comparable to exhaustive search. In 2D-CCS, the
TX applies M  N2 random 2D-circulant shifts of P to reduce
the overhead. We use Ω to denote an ordered set of M circulant
shifts used by the TX. With the circulant shift-based training, the
RX acquires a subsampled version of G at the ordered locations in
Ω. For example, Ω = {(0, 1), (1, 2), (2, 1)} is one possible set for
M = 3. In this case, the RX acquires G(0, 1), G(1, 2) and G(2, 1).
We define PΩ(G) as the vector containing the entries of G at the
locations in Ω. The compressed channel measurement vector in 2D-
CCS is then
y = PΩ(G) + v. (4)
The measurements are called convolutional channel measurements
as the subsampled cross-correlation operation in (4) can be realized
using subsampled convolution. For a well designed base matrixP in
2D-CCS, optimization algorithms can estimate the best beamspace
direction from the compressed channel measurements in (4) even
when M  N2 [6].
We explain the efficiency of 2D-CCS in exploiting the beamspace
prior with the Fourier transform. We define X as the 2D-DFT of the
channelH and Z[m] as the 2D-DFT of the phase shift matrixP[m].
The matrix X is called the beamspace and the prior associated with
the maximizer of |X| is shown in Fig. 2a. This prior is also the
probability distribution of the best beam within the 2D-DFT code-
book. To explain the efficiency of 2D-CCS, we consider an example
where P[1] is set to a given base matrix, i.e., P[1] = P. The first
channel measurement is then 〈H,P〉. Due to the unitary nature
of the 2D-DFT, the inner product between H and P can also be
expressed as the inner product of their 2D-DFTs, i.e., 〈X,Z[1]〉. It
can be observed from Fig. 2a that the information required for beam
alignment is encoded in fewer coefficients of X, i.e., the entries of
X along the two strips. To extract this information from 〈X,Z[1]〉
in a way that is robust to noise, Z[1] must have a large amplitude at
the locations along the two strips. A base matrix P whose 2D-DFT
satisfies such a property can be used to efficiently acquire features
or measurements of the sparse channel.
An interesting property of 2D-CCS is that the matrices used to
obtain channel projections have the same 2D-DFT magnitude as the
base matrix, i.e., |Z[m]| = |Z[1]| ∀m. The observation follows from
the fact that 2D-circulant shifts over a matrix do not change the mag-
nitude of its 2D-DFT [12]. Using this property, it can be observed
that a careful design of the base matrix ensures that all the matrices
{Z[m]}Mm=1 have a large amplitude at the desired locations. Design-
ing a base matrix that is best suited to the channel prior, however, can
be challenging when M  N2. In Section 3, we discuss how deep
learning can be used to solve the base matrix design problem for ef-
ficient 2D-CCS. We assume that the subsampling set Ω is chosen at
random and is fixed throughout optimization. Optimizing the sub-
sampling set is an interesting direction for future work.
3. BASE MATRIX DESIGNWITH DEEP LEARNING
We explain the proposed deep neural network architecture using Fig.
3. The first part of our deep neural network contains a convolutional
layer to emulate 2D-CCS-based compressed channel sensing in (4).
The weights of the filters in the convolutional layer model the real
and imaginary components of the base matrix P in 2D-CCS. The
second part of the network is a cascade of fully connected layers that
predicts the best beam from the compressed channel measurements.
Through end-to-end learning, our network learns a base matrix P
and the weights of the fully connected layers that maximize the beam
alignment probability. In this section, we describe the key compo-
nents of our network and the training procedure; our implementation
is available online on GitHub [13].
3.1. 2D-CCS using real valued convolutional layers
We explain how to implement the circular cross-correlation in (2)
using the example of a real matrix HR ? PR. To realize a cir-
culant structure in the correlation, we define a matrix AR,pad =
[AR,AR;AR,AR]. Note that HR,pad is a 2N × 2N matrix. Now,
applying the convolutional filterPR overHR,pad, in a valid-padding
mode with a stride of 1, results in an (N+1)× (N+1) matrix. The
circular cross-correlation HR ? PR is obtained by simply deleting
the last row and the last column of the convolved output.
Our network obtains the complex valued circular cross-correlation
by computing the real and imaginary components of G in (2). As
P = PR + jPI, the real and imaginary components of G are
GR = HR ?PR −HI ?PI, and (5)
GI = HI ?PR +HR ?PI. (6)
To realize (5) and (6), a 2N × 4N × 2 real valued tensor is first
constructed from the complex channel H. The first slice of this ten-
sor is the 2N × 4N matrix [HR,pad,HI,pad] and the second slice
is [−HI,pad,HR,pad], as shown in Fig. 3. Then, an N × N × 2
convolutional filter with PR and PI as the filter weights, is applied
over the input channel tensor. The filtering is performed in a valid-
padding mode with a stride of 1 to result in an (N + 1)× (3N + 1)
matrix. Finally, GR and GI are N ×N matrices which begin at the
(0, 0) and (2N, 0) coordinates of the (N + 1)× (3N + 1) matrix.
The channel measurements in (4) can be split into real and imag-
inary components as yR = PΩ(GR) +vR and yI = PΩ(GI) +vI.
It is important to note that the subsampling set in (4), i.e., Ω, is same
for both the real and the imaginary components of y. We implement
such a subsampling by using an identical dropout technique for both
GR and GI. Our dropout procedure discards N2 −M entries of
GR and GI at the same locations which are chosen at random. The
subsampled features, i.e., PΩ(GR) and PΩ(GI), are perturbed by
AWGN to emulate the compressed sensing model in (4).
3.2. End-to-end learning for beam prediction
The subsampled channel feature vector of dimension 2M × 1 is fed
into a beam prediction network that is a cascade of fully connected
layers. ReLU activation is used at all the fully connected layers and
a softmax is used at the output layer. In this paper, beam alignment
is performed using a 2D-DFT codebook that has N2 elements. Each
codebook element is modeled by a class and the output of the neu-
ral network is an N2 × 1 vector that contains the predicted class
probabilities.
The network is trained using the restructured channels, i.e., a
collection of 2N × 4N × 2 tensors defined in Section 3.1, and the
best beam class indices corresponding to the channels. The deep
neural network is trained by minimizing the cross entropy between
the predicted class probabilities and the one-hot encoded vectors cor-
responding to the best beam index. It is important to note that the
convolutional filters PR and PI are part of the neural network and
are optimized during training. After successful training, the beam
prediction component of the neural network is expected to output
the best beam direction from the 2M × 1 feature vector which rep-
resents the compressed channel measurements.
3.3. Weight quantization and implementation in hardware
The filter weights PR and PI trained with end-to-end learning may
not be hardware compatible, i.e., the corresponding base matrixP =
PR + jPI may not belong to QN×Nq . To this end, we use an ap-
proach similar to weight quantization and retraining in [14]. We de-
fine phaseq(w) as a function that returns the phase ofw rounded to a
nearest integer multiple of 2pi/2q . The q-bit phase quantized version
of P is defined as Pquant = exp(j phaseq(P))/N . The optimized
filter weightsPR andPI are replaced by the real and imaginary parts
of Pquant. Replacing the filter weights in the convolutional layer,
however, can reduce the accuracy of the trained neural network. To
compensate for the performance loss due to quantization, the fully
connected layers following the convolutional layers are retrained. It
is important to note that the convolutional layer containing Pquant
is not updated during retraining.
Now, we explain how the trained network can be used for beam
alignment in mmWave phased arrays. First, the TX applies M cir-
culant shifts of Pquant to its phased array, according to the subsam-
pling set Ω. For each phase shift matrix applied at the TX, the RX
acquires a channel measurement defined by (1). Therefore, the RX
obtains a subsampled version of G = H ? Pquant according to the
model in (4). The received measurements are then reshaped into a
vector [yR;yI] which is fed into the trained fully connected layers
for beam prediction. The RX feedbacks the index of this beam and
the TX applies the corresponding 2D-DFT codebook element.
4. SIMULATIONS
We consider a vehicular communication scenario in which the RSU
is placed at a height of 5 m. The TX at the RSU is equipped with a
16× 16 UPA with 3-bit phase shifters, i.e., N = 16 and q = 3. The
carrier frequency is set as 28 GHz and the operating bandwidth is
100 MHz. In our simulation scenario, vehicles move along two lanes
that are at a distance of 4 m and 7 m from the foot of the RSU. We
use Wireless Insite [15], a ray tracing simulator, to obtain channel
matrices between the TX and the receivers which are mounted on top
of the vehicles. The beamspace prior corresponding to this scenario
is shown in Fig. 2a. Note that our dataset contains both LoS and
NLoS channels. The NLoS scenario occurs when the link between
the RSU and a vehicle is blocked by tall trucks.
The convolutional layer in our network consists of a single filter
of dimensions 16 × 16 × 2. This filter is used to optimize the base
matrix in 2D-CCS. To emulateM number of 2D-CCS-based channel
measurements, the convolved output is subsampled to a 2M × 1
feature vector. This vector is then fed into a cascade of four fully
connected layers with output dimensions of 80, 256, 512 and 256.
For the beam alignment problem, a reasonable network is one that is
invariant to the scaling of the channel. The bias at all the layers is
forced to zero to ensure that the network satisfies the scale invariance
property. We use about 20, 000 channels to train the network and
5, 000 other channels for testing. Every channel in the training set
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PR
<latexit sha1_base64="1jtzCfI570YnT8A0F5LpQKEIRXc=">AAACAHicbZDLSsNAFIZP6q3WW 9WFCzeDRXBVEhF0WXTjsoq9QBvCZDpph84kYWYilJCNr+LGhSJufQx3vo2TNAtt/WHg4z/nMOf8fsyZ0rb9bVVWVtfWN6qbta3tnd29+v5BV0WJJLRDIh7Jvo8V5SykHc00p/1YUix8Tnv+9Cav9x6pVCw KH/Qspq7A45AFjGBtLK9+NBRYT/wgbWdeWrAU6X2WefWG3bQLoWVwSmhAqbZX/xqOIpIIGmrCsVIDx461m2KpGeE0qw0TRWNMpnhMBwZDLKhy0+KADJ0aZ4SCSJoXalS4vydSLJSaCd905iuqxVpu/lcbJ Dq4clMWxommIZl/FCQc6QjlaaARk5RoPjOAiWRmV0QmWGKiTWY1E4KzePIydM+bjt107i4aresyjiocwwmcgQOX0IJbaEMHCGTwDK/wZj1ZL9a79TFvrVjlzCH8kfX5A89hly0=</latexit><latexit sha1_base64="1jtzCfI570YnT8A0F5LpQKEIRXc=">AAACAHicbZDLSsNAFIZP6q3WW 9WFCzeDRXBVEhF0WXTjsoq9QBvCZDpph84kYWYilJCNr+LGhSJufQx3vo2TNAtt/WHg4z/nMOf8fsyZ0rb9bVVWVtfWN6qbta3tnd29+v5BV0WJJLRDIh7Jvo8V5SykHc00p/1YUix8Tnv+9Cav9x6pVCw KH/Qspq7A45AFjGBtLK9+NBRYT/wgbWdeWrAU6X2WefWG3bQLoWVwSmhAqbZX/xqOIpIIGmrCsVIDx461m2KpGeE0qw0TRWNMpnhMBwZDLKhy0+KADJ0aZ4SCSJoXalS4vydSLJSaCd905iuqxVpu/lcbJ Dq4clMWxommIZl/FCQc6QjlaaARk5RoPjOAiWRmV0QmWGKiTWY1E4KzePIydM+bjt107i4aresyjiocwwmcgQOX0IJbaEMHCGTwDK/wZj1ZL9a79TFvrVjlzCH8kfX5A89hly0=</latexit><latexit sha1_base64="1jtzCfI570YnT8A0F5LpQKEIRXc=">AAACAHicbZDLSsNAFIZP6q3WW 9WFCzeDRXBVEhF0WXTjsoq9QBvCZDpph84kYWYilJCNr+LGhSJufQx3vo2TNAtt/WHg4z/nMOf8fsyZ0rb9bVVWVtfWN6qbta3tnd29+v5BV0WJJLRDIh7Jvo8V5SykHc00p/1YUix8Tnv+9Cav9x6pVCw KH/Qspq7A45AFjGBtLK9+NBRYT/wgbWdeWrAU6X2WefWG3bQLoWVwSmhAqbZX/xqOIpIIGmrCsVIDx461m2KpGeE0qw0TRWNMpnhMBwZDLKhy0+KADJ0aZ4SCSJoXalS4vydSLJSaCd905iuqxVpu/lcbJ Dq4clMWxommIZl/FCQc6QjlaaARk5RoPjOAiWRmV0QmWGKiTWY1E4KzePIydM+bjt107i4aresyjiocwwmcgQOX0IJbaEMHCGTwDK/wZj1ZL9a79TFvrVjlzCH8kfX5A89hly0=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86V q1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr 4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIz RxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="PKMP1k97q3tpxol+YwpPsvzkOog=">AAAB9XicbZC9TsMwFIVvyl8pB QILA4tFhcRUJSwwIrEwFkR/pDaKHNdprdpOZDtIVZSFV2FhACFehY23wUk7QMuRLH06x5bvPVHKmTae9+3UNja3tnfqu4295v7BoXvU7OkkU4R2ScITNYiwppxJ2jXMcDpIFcUi4rQfzW7LvP9ElWaJfDT zlAYCTySLGcHGWqF7MhLYTKM47xRhXrES+UNRhG7La3uV0Dr4S2jBUp3Q/RqNE5IJKg3hWOuh76UmyLEyjHBaNEaZpikmMzyhQ4sSC6qDvFqgQOfWGaM4UfZIgyr394scC63nIrI3yxH1alaa/2XDzMTXQ c5kmhkqyeKjOOPIJKhsA42ZosTwuQVMFLOzIjLFChNjO2vYEvzVldehd9n2vbZ/70EdTuEMLsCHK7iBO+hAFwgU8AJv8O48O6/Ox6KumrPs7Rj+yPn8AU7wlcI=</latexit><latexit sha1_base64="PKMP1k97q3tpxol+YwpPsvzkOog=">AAAB9XicbZC9TsMwFIVvyl8pB QILA4tFhcRUJSwwIrEwFkR/pDaKHNdprdpOZDtIVZSFV2FhACFehY23wUk7QMuRLH06x5bvPVHKmTae9+3UNja3tnfqu4295v7BoXvU7OkkU4R2ScITNYiwppxJ2jXMcDpIFcUi4rQfzW7LvP9ElWaJfDT zlAYCTySLGcHGWqF7MhLYTKM47xRhXrES+UNRhG7La3uV0Dr4S2jBUp3Q/RqNE5IJKg3hWOuh76UmyLEyjHBaNEaZpikmMzyhQ4sSC6qDvFqgQOfWGaM4UfZIgyr394scC63nIrI3yxH1alaa/2XDzMTXQ c5kmhkqyeKjOOPIJKhsA42ZosTwuQVMFLOzIjLFChNjO2vYEvzVldehd9n2vbZ/70EdTuEMLsCHK7iBO+hAFwgU8AJv8O48O6/Ox6KumrPs7Rj+yPn8AU7wlcI=</latexit><latexit sha1_base64="vV5Y3H0N69gxYlN6fZfEsbD4N5Q=">AAACAHicbZC9TsMwFIVvyl8pf wEGBpaICompSlhgrGBhLIiWSm0UOa7TWrWdyHaQqigLr8LCAEKsPAYbb4OTZoCWI1n6dO698r0nTBhV2nW/rdrK6tr6Rn2zsbW9s7tn7x/0VJxKTLo4ZrHsh0gRRgXpaqoZ6SeSIB4y8hBOr4v6wyORisb iXs8S4nM0FjSiGGljBfbRkCM9CaOskwdZyZJnd3ke2E235ZZylsGroAmVOoH9NRzFOOVEaMyQUgPPTbSfIakpZiRvDFNFEoSnaEwGBgXiRPlZeUDunBpn5ESxNE9op3R/T2SIKzXjoeksVlSLtcL8rzZId XTpZ1QkqSYCzz+KUubo2CnScEZUEqzZzADCkppdHTxBEmFtMmuYELzFk5ehd97y3JZ36zbbV1UcdTiGEzgDDy6gDTfQgS5gyOEZXuHNerJerHfrY95as6qZQ/gj6/MHziGXKQ==</latexit><latexit sha1_base64="1jtzCfI570YnT8A0F5LpQKEIRXc=">AAACAHicbZDLSsNAFIZP6q3WW 9WFCzeDRXBVEhF0WXTjsoq9QBvCZDpph84kYWYilJCNr+LGhSJufQx3vo2TNAtt/WHg4z/nMOf8fsyZ0rb9bVVWVtfWN6qbta3tnd29+v5BV0WJJLRDIh7Jvo8V5SykHc00p/1YUix8Tnv+9Cav9x6pVCw KH/Qspq7A45AFjGBtLK9+NBRYT/wgbWdeWrAU6X2WefWG3bQLoWVwSmhAqbZX/xqOIpIIGmrCsVIDx461m2KpGeE0qw0TRWNMpnhMBwZDLKhy0+KADJ0aZ4SCSJoXalS4vydSLJSaCd905iuqxVpu/lcbJ Dq4clMWxommIZl/FCQc6QjlaaARk5RoPjOAiWRmV0QmWGKiTWY1E4KzePIydM+bjt107i4aresyjiocwwmcgQOX0IJbaEMHCGTwDK/wZj1ZL9a79TFvrVjlzCH8kfX5A89hly0=</latexit><latexit sha1_base64="1jtzCfI570YnT8A0F5LpQKEIRXc=">AAACAHicbZDLSsNAFIZP6q3WW 9WFCzeDRXBVEhF0WXTjsoq9QBvCZDpph84kYWYilJCNr+LGhSJufQx3vo2TNAtt/WHg4z/nMOf8fsyZ0rb9bVVWVtfWN6qbta3tnd29+v5BV0WJJLRDIh7Jvo8V5SykHc00p/1YUix8Tnv+9Cav9x6pVCw KH/Qspq7A45AFjGBtLK9+NBRYT/wgbWdeWrAU6X2WefWG3bQLoWVwSmhAqbZX/xqOIpIIGmrCsVIDx461m2KpGeE0qw0TRWNMpnhMBwZDLKhy0+KADJ0aZ4SCSJoXalS4vydSLJSaCd905iuqxVpu/lcbJ Dq4clMWxommIZl/FCQc6QjlaaARk5RoPjOAiWRmV0QmWGKiTWY1E4KzePIydM+bjt107i4aresyjiocwwmcgQOX0IJbaEMHCGTwDK/wZj1ZL9a79TFvrVjlzCH8kfX5A89hly0=</latexit><latexit sha1_base64="1jtzCfI570YnT8A0F5LpQKEIRXc=">AAACAHicbZDLSsNAFIZP6q3WW 9WFCzeDRXBVEhF0WXTjsoq9QBvCZDpph84kYWYilJCNr+LGhSJufQx3vo2TNAtt/WHg4z/nMOf8fsyZ0rb9bVVWVtfWN6qbta3tnd29+v5BV0WJJLRDIh7Jvo8V5SykHc00p/1YUix8Tnv+9Cav9x6pVCw KH/Qspq7A45AFjGBtLK9+NBRYT/wgbWdeWrAU6X2WefWG3bQLoWVwSmhAqbZX/xqOIpIIGmrCsVIDx461m2KpGeE0qw0TRWNMpnhMBwZDLKhy0+KADJ0aZ4SCSJoXalS4vydSLJSaCd905iuqxVpu/lcbJ Dq4clMWxommIZl/FCQc6QjlaaARk5RoPjOAiWRmV0QmWGKiTWY1E4KzePIydM+bjt107i4aresyjiocwwmcgQOX0IJbaEMHCGTwDK/wZj1ZL9a79TFvrVjlzCH8kfX5A89hly0=</latexit><latexit sha1_base64="1jtzCfI570YnT8A0F5LpQKEIRXc=">AAACAHicbZDLSsNAFIZP6q3WW 9WFCzeDRXBVEhF0WXTjsoq9QBvCZDpph84kYWYilJCNr+LGhSJufQx3vo2TNAtt/WHg4z/nMOf8fsyZ0rb9bVVWVtfWN6qbta3tnd29+v5BV0WJJLRDIh7Jvo8V5SykHc00p/1YUix8Tnv+9Cav9x6pVCw KH/Qspq7A45AFjGBtLK9+NBRYT/wgbWdeWrAU6X2WefWG3bQLoWVwSmhAqbZX/xqOIpIIGmrCsVIDx461m2KpGeE0qw0TRWNMpnhMBwZDLKhy0+KADJ0aZ4SCSJoXalS4vydSLJSaCd905iuqxVpu/lcbJ Dq4clMWxommIZl/FCQc6QjlaaARk5RoPjOAiWRmV0QmWGKiTWY1E4KzePIydM+bjt107i4aresyjiocwwmcgQOX0IJbaEMHCGTwDK/wZj1ZL9a79TFvrVjlzCH8kfX5A89hly0=</latexit><latexit sha1_base64="1jtzCfI570YnT8A0F5LpQKEIRXc=">AAACAHicbZDLSsNAFIZP6q3WW 9WFCzeDRXBVEhF0WXTjsoq9QBvCZDpph84kYWYilJCNr+LGhSJufQx3vo2TNAtt/WHg4z/nMOf8fsyZ0rb9bVVWVtfWN6qbta3tnd29+v5BV0WJJLRDIh7Jvo8V5SykHc00p/1YUix8Tnv+9Cav9x6pVCw KH/Qspq7A45AFjGBtLK9+NBRYT/wgbWdeWrAU6X2WefWG3bQLoWVwSmhAqbZX/xqOIpIIGmrCsVIDx461m2KpGeE0qw0TRWNMpnhMBwZDLKhy0+KADJ0aZ4SCSJoXalS4vydSLJSaCd905iuqxVpu/lcbJ Dq4clMWxommIZl/FCQc6QjlaaARk5RoPjOAiWRmV0QmWGKiTWY1E4KzePIydM+bjt107i4aresyjiocwwmcgQOX0IJbaEMHCGTwDK/wZj1ZL9a79TFvrVjlzCH8kfX5A89hly0=</latexit><latexit sha1_base64="1jtzCfI570YnT8A0F5LpQKEIRXc=">AAACAHicbZDLSsNAFIZP6q3WW 9WFCzeDRXBVEhF0WXTjsoq9QBvCZDpph84kYWYilJCNr+LGhSJufQx3vo2TNAtt/WHg4z/nMOf8fsyZ0rb9bVVWVtfWN6qbta3tnd29+v5BV0WJJLRDIh7Jvo8V5SykHc00p/1YUix8Tnv+9Cav9x6pVCw KH/Qspq7A45AFjGBtLK9+NBRYT/wgbWdeWrAU6X2WefWG3bQLoWVwSmhAqbZX/xqOIpIIGmrCsVIDx461m2KpGeE0qw0TRWNMpnhMBwZDLKhy0+KADJ0aZ4SCSJoXalS4vydSLJSaCd905iuqxVpu/lcbJ Dq4clMWxommIZl/FCQc6QjlaaARk5RoPjOAiWRmV0QmWGKiTWY1E4KzePIydM+bjt107i4aresyjiocwwmcgQOX0IJbaEMHCGTwDK/wZj1ZL9a79TFvrVjlzCH8kfX5A89hly0=</latexit>
PI
<latexit sha1_base64="Wm2TxpX4HCxrcHbzzrqvz7QfEus=">AAACAHicbZDLSsNAFIZP6q3WW 9WFCzeDRXBVEhF0WXSjuwr2Am0Ik+mkHTqThJmJUEI2voobF4q49THc+TZO0iy09YeBj/+cw5zz+zFnStv2t1VZWV1b36hu1ra2d3b36vsHXRUlktAOiXgk+z5WlLOQdjTTnPZjSbHwOe3505u83nukU rEofNCzmLoCj0MWMIK1sbz60VBgPfGDtJ15acFSpHdZ5tUbdtMuhJbBKaEBpdpe/Ws4ikgiaKgJx0oNHDvWboqlZoTTrDZMFI0xmeIxHRgMsaDKTYsDMnRqnBEKImleqFHh/p5IsVBqJnzTma+oFmu5+ V9tkOjgyk1ZGCeahmT+UZBwpCOUp4FGTFKi+cwAJpKZXRGZYImJNpnVTAjO4snL0D1vOnbTub9otK7LOKpwDCdwBg5cQgtuoQ0dIJDBM7zCm/VkvVjv1se8tWKVM4fwR9bnD8GrlyQ=</latexit><latexit sha1_base64="Wm2TxpX4HCxrcHbzzrqvz7QfEus=">AAACAHicbZDLSsNAFIZP6q3WW 9WFCzeDRXBVEhF0WXSjuwr2Am0Ik+mkHTqThJmJUEI2voobF4q49THc+TZO0iy09YeBj/+cw5zz+zFnStv2t1VZWV1b36hu1ra2d3b36vsHXRUlktAOiXgk+z5WlLOQdjTTnPZjSbHwOe3505u83nukU rEofNCzmLoCj0MWMIK1sbz60VBgPfGDtJ15acFSpHdZ5tUbdtMuhJbBKaEBpdpe/Ws4ikgiaKgJx0oNHDvWboqlZoTTrDZMFI0xmeIxHRgMsaDKTYsDMnRqnBEKImleqFHh/p5IsVBqJnzTma+oFmu5+ V9tkOjgyk1ZGCeahmT+UZBwpCOUp4FGTFKi+cwAJpKZXRGZYImJNpnVTAjO4snL0D1vOnbTub9otK7LOKpwDCdwBg5cQgtuoQ0dIJDBM7zCm/VkvVjv1se8tWKVM4fwR9bnD8GrlyQ=</latexit><latexit sha1_base64="Wm2TxpX4HCxrcHbzzrqvz7QfEus=">AAACAHicbZDLSsNAFIZP6q3WW 9WFCzeDRXBVEhF0WXSjuwr2Am0Ik+mkHTqThJmJUEI2voobF4q49THc+TZO0iy09YeBj/+cw5zz+zFnStv2t1VZWV1b36hu1ra2d3b36vsHXRUlktAOiXgk+z5WlLOQdjTTnPZjSbHwOe3505u83nukU rEofNCzmLoCj0MWMIK1sbz60VBgPfGDtJ15acFSpHdZ5tUbdtMuhJbBKaEBpdpe/Ws4ikgiaKgJx0oNHDvWboqlZoTTrDZMFI0xmeIxHRgMsaDKTYsDMnRqnBEKImleqFHh/p5IsVBqJnzTma+oFmu5+ V9tkOjgyk1ZGCeahmT+UZBwpCOUp4FGTFKi+cwAJpKZXRGZYImJNpnVTAjO4snL0D1vOnbTub9otK7LOKpwDCdwBg5cQgtuoQ0dIJDBM7zCm/VkvVjv1se8tWKVM4fwR9bnD8GrlyQ=</latexit><latexit sha1_base64="Wm2TxpX4HCxrcHbzzrqvz7QfEus=">AAACAHicbZDLSsNAFIZP6q3WW 9WFCzeDRXBVEhF0WXSjuwr2Am0Ik+mkHTqThJmJUEI2voobF4q49THc+TZO0iy09YeBj/+cw5zz+zFnStv2t1VZWV1b36hu1ra2d3b36vsHXRUlktAOiXgk+z5WlLOQdjTTnPZjSbHwOe3505u83nukU rEofNCzmLoCj0MWMIK1sbz60VBgPfGDtJ15acFSpHdZ5tUbdtMuhJbBKaEBpdpe/Ws4ikgiaKgJx0oNHDvWboqlZoTTrDZMFI0xmeIxHRgMsaDKTYsDMnRqnBEKImleqFHh/p5IsVBqJnzTma+oFmu5+ V9tkOjgyk1ZGCeahmT+UZBwpCOUp4FGTFKi+cwAJpKZXRGZYImJNpnVTAjO4snL0D1vOnbTub9otK7LOKpwDCdwBg5cQgtuoQ0dIJDBM7zCm/VkvVjv1se8tWKVM4fwR9bnD8GrlyQ=</latexit>
Use stride	= 1 and 
padding= “valid”
G = H ?P
<latexit sha1_base64="jVlIks1+x/Prd9ZqUgQsdjZ500w=">AAACEHicbZDLSsNAFIYnXmu9RV26GSyiq5KIoBuh6MIuK9gLNKFMppN26OTCzIlQQh7Bja/ixoUibl26822ctClo6 w8DH/85hznn92LBFVjWt7G0vLK6tl7aKG9ube/smnv7LRUlkrImjUQkOx5RTPCQNYGDYJ1YMhJ4grW90U1ebz8wqXgU3sM4Zm5ABiH3OSWgrZ554gQEhp6f3mZXM6xn2FFAJJ4ZjQz3zIpVtSbCi2AXUEGFGj3zy+lHNAlYCFQQpbq2FYObEgmcCpaVnUSxmNARGbCuxpAETLnp5KAMH2unj/1I6hcCnri/J1ISKDUOPN2Zr6jma7n5X62bgH/ppjyME2AhnX7kJwJDhPN0cJ9LRkG MNRAqud4V0yGRhILOsKxDsOdPXoTWWdW2qvbdeaV2XcRRQofoCJ0iG12gGqqjBmoiih7RM3pFb8aT8WK8Gx/T1iWjmDlAf2R8/gDdcJ0V</latexit><latexit sha1_base64="jVlIks1+x/Prd9ZqUgQsdjZ500w=">AAACEHicbZDLSsNAFIYnXmu9RV26GSyiq5KIoBuh6MIuK9gLNKFMppN26OTCzIlQQh7Bja/ixoUibl26822ctClo6 w8DH/85hznn92LBFVjWt7G0vLK6tl7aKG9ube/smnv7LRUlkrImjUQkOx5RTPCQNYGDYJ1YMhJ4grW90U1ebz8wqXgU3sM4Zm5ABiH3OSWgrZ554gQEhp6f3mZXM6xn2FFAJJ4ZjQz3zIpVtSbCi2AXUEGFGj3zy+lHNAlYCFQQpbq2FYObEgmcCpaVnUSxmNARGbCuxpAETLnp5KAMH2unj/1I6hcCnri/J1ISKDUOPN2Zr6jma7n5X62bgH/ppjyME2AhnX7kJwJDhPN0cJ9LRkG MNRAqud4V0yGRhILOsKxDsOdPXoTWWdW2qvbdeaV2XcRRQofoCJ0iG12gGqqjBmoiih7RM3pFb8aT8WK8Gx/T1iWjmDlAf2R8/gDdcJ0V</latexit><latexit sha1_base64="jVlIks1+x/Prd9ZqUgQsdjZ500w=">AAACEHicbZDLSsNAFIYnXmu9RV26GSyiq5KIoBuh6MIuK9gLNKFMppN26OTCzIlQQh7Bja/ixoUibl26822ctClo6 w8DH/85hznn92LBFVjWt7G0vLK6tl7aKG9ube/smnv7LRUlkrImjUQkOx5RTPCQNYGDYJ1YMhJ4grW90U1ebz8wqXgU3sM4Zm5ABiH3OSWgrZ554gQEhp6f3mZXM6xn2FFAJJ4ZjQz3zIpVtSbCi2AXUEGFGj3zy+lHNAlYCFQQpbq2FYObEgmcCpaVnUSxmNARGbCuxpAETLnp5KAMH2unj/1I6hcCnri/J1ISKDUOPN2Zr6jma7n5X62bgH/ppjyME2AhnX7kJwJDhPN0cJ9LRkG MNRAqud4V0yGRhILOsKxDsOdPXoTWWdW2qvbdeaV2XcRRQofoCJ0iG12gGqqjBmoiih7RM3pFb8aT8WK8Gx/T1iWjmDlAf2R8/gDdcJ0V</latexit><latexit sha1_base64="jVlIks1+x/Prd9ZqUgQsdjZ500w=">AAACEHicbZDLSsNAFIYnXmu9RV26GSyiq5KIoBuh6MIuK9gLNKFMppN26OTCzIlQQh7Bja/ixoUibl26822ctClo6 w8DH/85hznn92LBFVjWt7G0vLK6tl7aKG9ube/smnv7LRUlkrImjUQkOx5RTPCQNYGDYJ1YMhJ4grW90U1ebz8wqXgU3sM4Zm5ABiH3OSWgrZ554gQEhp6f3mZXM6xn2FFAJJ4ZjQz3zIpVtSbCi2AXUEGFGj3zy+lHNAlYCFQQpbq2FYObEgmcCpaVnUSxmNARGbCuxpAETLnp5KAMH2unj/1I6hcCnri/J1ISKDUOPN2Zr6jma7n5X62bgH/ppjyME2AhnX7kJwJDhPN0cJ9LRkG MNRAqud4V0yGRhILOsKxDsOdPXoTWWdW2qvbdeaV2XcRRQofoCJ0iG12gGqqjBmoiih7RM3pFb8aT8WK8Gx/T1iWjmDlAf2R8/gDdcJ0V</latexit>
Subsampling 
defined by ⌦
<latexit sha1_base64="ObnqD1hbfHqghXAZw1ZJ+I3YUO0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04s0I5gH JEmYnvcmYmdllZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsmCTTDOssEYluRdSg4ArrlluBrVQjlZHAZjS8mfrNJ9SGJ+rBjlIMJe0rHnNGrZManTuJfdotlf2KPwNZJkFOypCj1i19dXoJyyQqywQ1ph34qQ3HVFvOB E6KncxgStmQ9rHtqKISTTieXTshp07pkTjRrpQlM/X3xJhKY0Yycp2S2oFZ9Kbif147s/FVOOYqzSwqNl8UZ4LYhExfJz2ukVkxcoQyzd2thA2opsy6gIouhGDx5WXSOK8EfiW4vyhXr/M4CnAMJ3AGAVxCFW6hBnVg8AjP8ApvXuK9eO/ex7x1xctnjuAPvM8fXz GO+w==</latexit><latexit sha1_base64="ObnqD1hbfHqghXAZw1ZJ+I3YUO0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04s0I5gH JEmYnvcmYmdllZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsmCTTDOssEYluRdSg4ArrlluBrVQjlZHAZjS8mfrNJ9SGJ+rBjlIMJe0rHnNGrZManTuJfdotlf2KPwNZJkFOypCj1i19dXoJyyQqywQ1ph34qQ3HVFvOB E6KncxgStmQ9rHtqKISTTieXTshp07pkTjRrpQlM/X3xJhKY0Yycp2S2oFZ9Kbif147s/FVOOYqzSwqNl8UZ4LYhExfJz2ukVkxcoQyzd2thA2opsy6gIouhGDx5WXSOK8EfiW4vyhXr/M4CnAMJ3AGAVxCFW6hBnVg8AjP8ApvXuK9eO/ex7x1xctnjuAPvM8fXz GO+w==</latexit><latexit sha1_base64="ObnqD1hbfHqghXAZw1ZJ+I3YUO0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04s0I5gH JEmYnvcmYmdllZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsmCTTDOssEYluRdSg4ArrlluBrVQjlZHAZjS8mfrNJ9SGJ+rBjlIMJe0rHnNGrZManTuJfdotlf2KPwNZJkFOypCj1i19dXoJyyQqywQ1ph34qQ3HVFvOB E6KncxgStmQ9rHtqKISTTieXTshp07pkTjRrpQlM/X3xJhKY0Yycp2S2oFZ9Kbif147s/FVOOYqzSwqNl8UZ4LYhExfJz2ukVkxcoQyzd2thA2opsy6gIouhGDx5WXSOK8EfiW4vyhXr/M4CnAMJ3AGAVxCFW6hBnVg8AjP8ApvXuK9eO/ex7x1xctnjuAPvM8fXz GO+w==</latexit><latexit sha1_base64="ObnqD1hbfHqghXAZw1ZJ+I3YUO0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04s0I5gH JEmYnvcmYmdllZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsmCTTDOssEYluRdSg4ArrlluBrVQjlZHAZjS8mfrNJ9SGJ+rBjlIMJe0rHnNGrZManTuJfdotlf2KPwNZJkFOypCj1i19dXoJyyQqywQ1ph34qQ3HVFvOB E6KncxgStmQ9rHtqKISTTieXTshp07pkTjRrpQlM/X3xJhKY0Yycp2S2oFZ9Kbif147s/FVOOYqzSwqNl8UZ4LYhExfJz2ukVkxcoQyzd2thA2opsy6gIouhGDx5WXSOK8EfiW4vyhXr/M4CnAMJ3AGAVxCFW6hBnVg8AjP8ApvXuK9eO/ex7x1xctnjuAPvM8fXz GO+w==</latexit>
P⌦(GR)
<latexit sha1_base64="BXXkqBt+GyEUk4NtHwwDeM3Cj9w=">AAACFnicbZDLSsNAFIYnXmu9RV26GSxCXVgSEXRZdKE7q9gLNCFMppN26EwSZiZCCXkKN76KGxeKuBV3vo2TNAtt/WHg5zvnMOf8fsyoVJb1 bSwsLi2vrFbWqusbm1vb5s5uR0aJwKSNIxaJno8kYTQkbUUVI71YEMR9Rrr++DKvdx+IkDQK79UkJi5Hw5AGFCOlkWceOxypEUYsbWVe6txwMkRZvYB+kF7lLPeCp3dZduSZNathFYLzxi5NDZRqeeaXM4hwwkmoMENS9m0rVm6KhKKYkazqJJLECI/RkPS1DREn0k2LszJ4qMkABpHQL1SwoL8nUsSlnHBfd+Y7ytlaDv+r9RMVnLspDeNEkRBPPwoSBlUE84zggAqCFZtog7CgeleIR0ggrHSSVR2CPXvyvOmcNGyrYd+e1poXZR wVsA8OQB3Y4Aw0wTVogTbA4BE8g1fwZjwZL8a78TFtXTDKmT3wR8bnD9y1oGs=</latexit><latexit sha1_base64="BXXkqBt+GyEUk4NtHwwDeM3Cj9w=">AAACFnicbZDLSsNAFIYnXmu9RV26GSxCXVgSEXRZdKE7q9gLNCFMppN26EwSZiZCCXkKN76KGxeKuBV3vo2TNAtt/WHg5zvnMOf8fsyoVJb1 bSwsLi2vrFbWqusbm1vb5s5uR0aJwKSNIxaJno8kYTQkbUUVI71YEMR9Rrr++DKvdx+IkDQK79UkJi5Hw5AGFCOlkWceOxypEUYsbWVe6txwMkRZvYB+kF7lLPeCp3dZduSZNathFYLzxi5NDZRqeeaXM4hwwkmoMENS9m0rVm6KhKKYkazqJJLECI/RkPS1DREn0k2LszJ4qMkABpHQL1SwoL8nUsSlnHBfd+Y7ytlaDv+r9RMVnLspDeNEkRBPPwoSBlUE84zggAqCFZtog7CgeleIR0ggrHSSVR2CPXvyvOmcNGyrYd+e1poXZR wVsA8OQB3Y4Aw0wTVogTbA4BE8g1fwZjwZL8a78TFtXTDKmT3wR8bnD9y1oGs=</latexit><latexit sha1_base64="BXXkqBt+GyEUk4NtHwwDeM3Cj9w=">AAACFnicbZDLSsNAFIYnXmu9RV26GSxCXVgSEXRZdKE7q9gLNCFMppN26EwSZiZCCXkKN76KGxeKuBV3vo2TNAtt/WHg5zvnMOf8fsyoVJb1 bSwsLi2vrFbWqusbm1vb5s5uR0aJwKSNIxaJno8kYTQkbUUVI71YEMR9Rrr++DKvdx+IkDQK79UkJi5Hw5AGFCOlkWceOxypEUYsbWVe6txwMkRZvYB+kF7lLPeCp3dZduSZNathFYLzxi5NDZRqeeaXM4hwwkmoMENS9m0rVm6KhKKYkazqJJLECI/RkPS1DREn0k2LszJ4qMkABpHQL1SwoL8nUsSlnHBfd+Y7ytlaDv+r9RMVnLspDeNEkRBPPwoSBlUE84zggAqCFZtog7CgeleIR0ggrHSSVR2CPXvyvOmcNGyrYd+e1poXZR wVsA8OQB3Y4Aw0wTVogTbA4BE8g1fwZjwZL8a78TFtXTDKmT3wR8bnD9y1oGs=</latexit><latexit sha1_base64="BXXkqBt+GyEUk4NtHwwDeM3Cj9w=">AAACFnicbZDLSsNAFIYnXmu9RV26GSxCXVgSEXRZdKE7q9gLNCFMppN26EwSZiZCCXkKN76KGxeKuBV3vo2TNAtt/WHg5zvnMOf8fsyoVJb1 bSwsLi2vrFbWqusbm1vb5s5uR0aJwKSNIxaJno8kYTQkbUUVI71YEMR9Rrr++DKvdx+IkDQK79UkJi5Hw5AGFCOlkWceOxypEUYsbWVe6txwMkRZvYB+kF7lLPeCp3dZduSZNathFYLzxi5NDZRqeeaXM4hwwkmoMENS9m0rVm6KhKKYkazqJJLECI/RkPS1DREn0k2LszJ4qMkABpHQL1SwoL8nUsSlnHBfd+Y7ytlaDv+r9RMVnLspDeNEkRBPPwoSBlUE84zggAqCFZtog7CgeleIR0ggrHSSVR2CPXvyvOmcNGyrYd+e1poXZR wVsA8OQB3Y4Aw0wTVogTbA4BE8g1fwZjwZL8a78TFtXTDKmT3wR8bnD9y1oGs=</latexit>
P⌦(GI)
<latexit sha1_base64="jjVKA2Mz9LvzS4LsmYY4RBXpgPA=">AAACFnicbZDLSsNAFIYnXmu9RV26CRahLiyJCLosulBXVrAXaEKYTCft0JkkzEyEMuQp3Pgqblwo4lbc+TZO0iy09YeBn++ cw5zzBwklQtr2t7GwuLS8slpZq65vbG5tmzu7HRGnHOE2imnMewEUmJIItyWRFPcSjiELKO4G48u83n3AXJA4upeTBHsMDiMSEgSlRr557DIoRwhS1cp85d4yPIRZvYBBqK5ylnvO1E2WHflmzW7Yhax545SmBkq1fPPLHcQoZTiSiEIh+o6dSE9BLgmiOKu6qcAJRGM4xH1tI8iw8FRxVmYdajKwwpjrF0mroL8nFGRCTFigO/MdxWwth//V+qkMzz1FoiSVOELTj8KUWjK28oysAeEYSTrRBiJO 9K4WGkEOkdRJVnUIzuzJ86Zz0nDshnN3WmtelHFUwD44AHXggDPQBNegBdoAgUfwDF7Bm/FkvBjvxse0dcEoZ/bAHxmfP872oGI=</latexit><latexit sha1_base64="jjVKA2Mz9LvzS4LsmYY4RBXpgPA=">AAACFnicbZDLSsNAFIYnXmu9RV26CRahLiyJCLosulBXVrAXaEKYTCft0JkkzEyEMuQp3Pgqblwo4lbc+TZO0iy09YeBn++ cw5zzBwklQtr2t7GwuLS8slpZq65vbG5tmzu7HRGnHOE2imnMewEUmJIItyWRFPcSjiELKO4G48u83n3AXJA4upeTBHsMDiMSEgSlRr557DIoRwhS1cp85d4yPIRZvYBBqK5ylnvO1E2WHflmzW7Yhax545SmBkq1fPPLHcQoZTiSiEIh+o6dSE9BLgmiOKu6qcAJRGM4xH1tI8iw8FRxVmYdajKwwpjrF0mroL8nFGRCTFigO/MdxWwth//V+qkMzz1FoiSVOELTj8KUWjK28oysAeEYSTrRBiJO 9K4WGkEOkdRJVnUIzuzJ86Zz0nDshnN3WmtelHFUwD44AHXggDPQBNegBdoAgUfwDF7Bm/FkvBjvxse0dcEoZ/bAHxmfP872oGI=</latexit><latexit sha1_base64="jjVKA2Mz9LvzS4LsmYY4RBXpgPA=">AAACFnicbZDLSsNAFIYnXmu9RV26CRahLiyJCLosulBXVrAXaEKYTCft0JkkzEyEMuQp3Pgqblwo4lbc+TZO0iy09YeBn++ cw5zzBwklQtr2t7GwuLS8slpZq65vbG5tmzu7HRGnHOE2imnMewEUmJIItyWRFPcSjiELKO4G48u83n3AXJA4upeTBHsMDiMSEgSlRr557DIoRwhS1cp85d4yPIRZvYBBqK5ylnvO1E2WHflmzW7Yhax545SmBkq1fPPLHcQoZTiSiEIh+o6dSE9BLgmiOKu6qcAJRGM4xH1tI8iw8FRxVmYdajKwwpjrF0mroL8nFGRCTFigO/MdxWwth//V+qkMzz1FoiSVOELTj8KUWjK28oysAeEYSTrRBiJO 9K4WGkEOkdRJVnUIzuzJ86Zz0nDshnN3WmtelHFUwD44AHXggDPQBNegBdoAgUfwDF7Bm/FkvBjvxse0dcEoZ/bAHxmfP872oGI=</latexit><latexit sha1_base64="jjVKA2Mz9LvzS4LsmYY4RBXpgPA=">AAACFnicbZDLSsNAFIYnXmu9RV26CRahLiyJCLosulBXVrAXaEKYTCft0JkkzEyEMuQp3Pgqblwo4lbc+TZO0iy09YeBn++ cw5zzBwklQtr2t7GwuLS8slpZq65vbG5tmzu7HRGnHOE2imnMewEUmJIItyWRFPcSjiELKO4G48u83n3AXJA4upeTBHsMDiMSEgSlRr557DIoRwhS1cp85d4yPIRZvYBBqK5ylnvO1E2WHflmzW7Yhax545SmBkq1fPPLHcQoZTiSiEIh+o6dSE9BLgmiOKu6qcAJRGM4xH1tI8iw8FRxVmYdajKwwpjrF0mroL8nFGRCTFigO/MdxWwth//V+qkMzz1FoiSVOELTj8KUWjK28oysAeEYSTrRBiJO 9K4WGkEOkdRJVnUIzuzJ86Zz0nDshnN3WmtelHFUwD44AHXggDPQBNegBdoAgUfwDF7Bm/FkvBjvxse0dcEoZ/bAHxmfP872oGI=</latexit>
Dense layers 
followed by softmax
Emulates 2D-CCS-based compressed channel sensing 
.
.
.
Beam prediction
.
.
.
.
.
.
.
.
Predicted 
probabilities
Real Imag
N2 ⇥ 1<latexit sha1_base64="+h3NtGX9RimhAkkKCerwnHpOEYo=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF09SwX5AE8tmu2mXbjZhdyKU0r/hxYMi Xv0z3vw3btsctPXBwOO9GWbmhakUBl332ymsrW9sbhW3Szu7e/sH5cOjlkkyzXiTJTLRnZAaLoXiTRQoeSfVnMah5O1wdDPz209cG5GoBxynPIjpQIlIMIpW8u8ea8RHEXNDvF654lbdOcgq8XJSgRyNXvnL7ycsi7lCJqkxXc9NMZhQjYJJPi35meEpZSM64F1LFbVrgsn85ik5s0qfRIm2pZDM1d8TExobM45D2xlTHJplbyb+53 UzjK6CiVBphlyxxaIokwQTMguA9IXmDOXYEsq0sLcSNqSaMrQxlWwI3vLLq6RVq3pu1bu/qNSv8ziKcAKncA4eXEIdbqEBTWCQwjO8wpuTOS/Ou/OxaC04+cwx/IHz+QOeqpC/</latexit><latexit sha1_base64="+h3NtGX9RimhAkkKCerwnHpOEYo=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF09SwX5AE8tmu2mXbjZhdyKU0r/hxYMi Xv0z3vw3btsctPXBwOO9GWbmhakUBl332ymsrW9sbhW3Szu7e/sH5cOjlkkyzXiTJTLRnZAaLoXiTRQoeSfVnMah5O1wdDPz209cG5GoBxynPIjpQIlIMIpW8u8ea8RHEXNDvF654lbdOcgq8XJSgRyNXvnL7ycsi7lCJqkxXc9NMZhQjYJJPi35meEpZSM64F1LFbVrgsn85ik5s0qfRIm2pZDM1d8TExobM45D2xlTHJplbyb+53 UzjK6CiVBphlyxxaIokwQTMguA9IXmDOXYEsq0sLcSNqSaMrQxlWwI3vLLq6RVq3pu1bu/qNSv8ziKcAKncA4eXEIdbqEBTWCQwjO8wpuTOS/Ou/OxaC04+cwx/IHz+QOeqpC/</latexit><latexit sha1_base64="+h3NtGX9RimhAkkKCerwnHpOEYo=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF09SwX5AE8tmu2mXbjZhdyKU0r/hxYMi Xv0z3vw3btsctPXBwOO9GWbmhakUBl332ymsrW9sbhW3Szu7e/sH5cOjlkkyzXiTJTLRnZAaLoXiTRQoeSfVnMah5O1wdDPz209cG5GoBxynPIjpQIlIMIpW8u8ea8RHEXNDvF654lbdOcgq8XJSgRyNXvnL7ycsi7lCJqkxXc9NMZhQjYJJPi35meEpZSM64F1LFbVrgsn85ik5s0qfRIm2pZDM1d8TExobM45D2xlTHJplbyb+53 UzjK6CiVBphlyxxaIokwQTMguA9IXmDOXYEsq0sLcSNqSaMrQxlWwI3vLLq6RVq3pu1bu/qNSv8ziKcAKncA4eXEIdbqEBTWCQwjO8wpuTOS/Ou/OxaC04+cwx/IHz+QOeqpC/</latexit><latexit sha1_base64="+h3NtGX9RimhAkkKCerwnHpOEYo=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF09SwX5AE8tmu2mXbjZhdyKU0r/hxYMi Xv0z3vw3btsctPXBwOO9GWbmhakUBl332ymsrW9sbhW3Szu7e/sH5cOjlkkyzXiTJTLRnZAaLoXiTRQoeSfVnMah5O1wdDPz209cG5GoBxynPIjpQIlIMIpW8u8ea8RHEXNDvF654lbdOcgq8XJSgRyNXvnL7ycsi7lCJqkxXc9NMZhQjYJJPi35meEpZSM64F1LFbVrgsn85ik5s0qfRIm2pZDM1d8TExobM45D2xlTHJplbyb+53 UzjK6CiVBphlyxxaIokwQTMguA9IXmDOXYEsq0sLcSNqSaMrQxlWwI3vLLq6RVq3pu1bu/qNSv8ziKcAKncA4eXEIdbqEBTWCQwjO8wpuTOS/Ou/OxaC04+cwx/IHz+QOeqpC/</latexit> vector
++ vR<latexit sha1_base64="8IR+4yhCjQ3amGG1eEiKvVpcbD0=">AAACBXicbVC7TsMwFHV4lvIKMMJgqJCYqgQhwVjBwlgQfUhNFTmu01p1nMh2KlVWFhZ+hYUBhFj5Bzb+BifNAC1HsnR8zr26954gYVQqx/m 2lpZXVtfWKxvVza3tnV17b78t41Rg0sIxi0U3QJIwyklLUcVINxEERQEjnWB8k/udCRGSxvxBTRPSj9CQ05BipIzk20dehNQoCPUk84597eviLyJ9n2WZb9eculMALhK3JDVQounbX94gxmlEuMIMSdlznUT1NRKKYkayqpdKkiA8RkPSM5SjiMi+Lq7I4KlRBjCMhXlcwUL93aFRJOU0CkxlvqOc93LxP6+XqvCqrylPUkU4ng0KUwZVDPNI4IAKghWbGoKwoGZXiEdIIKxMcFUTgjt/8iJpn9ddp+7eXdQa12UcFXAITsAZcMEl aIBb0AQtgMEjeAav4M16sl6sd+tjVrpklT0H4A+szx+5wZlZ</latexit><latexit sha1_base64="8IR+4yhCjQ3amGG1eEiKvVpcbD0=">AAACBXicbVC7TsMwFHV4lvIKMMJgqJCYqgQhwVjBwlgQfUhNFTmu01p1nMh2KlVWFhZ+hYUBhFj5Bzb+BifNAC1HsnR8zr26954gYVQqx/m 2lpZXVtfWKxvVza3tnV17b78t41Rg0sIxi0U3QJIwyklLUcVINxEERQEjnWB8k/udCRGSxvxBTRPSj9CQ05BipIzk20dehNQoCPUk84597eviLyJ9n2WZb9eculMALhK3JDVQounbX94gxmlEuMIMSdlznUT1NRKKYkayqpdKkiA8RkPSM5SjiMi+Lq7I4KlRBjCMhXlcwUL93aFRJOU0CkxlvqOc93LxP6+XqvCqrylPUkU4ng0KUwZVDPNI4IAKghWbGoKwoGZXiEdIIKxMcFUTgjt/8iJpn9ddp+7eXdQa12UcFXAITsAZcMEl aIBb0AQtgMEjeAav4M16sl6sd+tjVrpklT0H4A+szx+5wZlZ</latexit><latexit sha1_base64="8IR+4yhCjQ3amGG1eEiKvVpcbD0=">AAACBXicbVC7TsMwFHV4lvIKMMJgqJCYqgQhwVjBwlgQfUhNFTmu01p1nMh2KlVWFhZ+hYUBhFj5Bzb+BifNAC1HsnR8zr26954gYVQqx/m 2lpZXVtfWKxvVza3tnV17b78t41Rg0sIxi0U3QJIwyklLUcVINxEERQEjnWB8k/udCRGSxvxBTRPSj9CQ05BipIzk20dehNQoCPUk84597eviLyJ9n2WZb9eculMALhK3JDVQounbX94gxmlEuMIMSdlznUT1NRKKYkayqpdKkiA8RkPSM5SjiMi+Lq7I4KlRBjCMhXlcwUL93aFRJOU0CkxlvqOc93LxP6+XqvCqrylPUkU4ng0KUwZVDPNI4IAKghWbGoKwoGZXiEdIIKxMcFUTgjt/8iJpn9ddp+7eXdQa12UcFXAITsAZcMEl aIBb0AQtgMEjeAav4M16sl6sd+tjVrpklT0H4A+szx+5wZlZ</latexit><latexit sha1_base64="8IR+4yhCjQ3amGG1eEiKvVpcbD0=">AAACBXicbVC7TsMwFHV4lvIKMMJgqJCYqgQhwVjBwlgQfUhNFTmu01p1nMh2KlVWFhZ+hYUBhFj5Bzb+BifNAC1HsnR8zr26954gYVQqx/m 2lpZXVtfWKxvVza3tnV17b78t41Rg0sIxi0U3QJIwyklLUcVINxEERQEjnWB8k/udCRGSxvxBTRPSj9CQ05BipIzk20dehNQoCPUk84597eviLyJ9n2WZb9eculMALhK3JDVQounbX94gxmlEuMIMSdlznUT1NRKKYkayqpdKkiA8RkPSM5SjiMi+Lq7I4KlRBjCMhXlcwUL93aFRJOU0CkxlvqOc93LxP6+XqvCqrylPUkU4ng0KUwZVDPNI4IAKghWbGoKwoGZXiEdIIKxMcFUTgjt/8iJpn9ddp+7eXdQa12UcFXAITsAZcMEl aIBb0AQtgMEjeAav4M16sl6sd+tjVrpklT0H4A+szx+5wZlZ</latexit>vI<latexit sha1_base64="LYZNt8HxJ4DEzlIOGbYm9AGhI0E=">AAACBXicbVC7TsMwFHV4lvIKMMJgqJCYqgQhwVjBAluR6ENqqshxndaq40S2U6mysrDwKywMIMTKP7DxNzhpBmg 5kqXjc+7VvfcECaNSOc63tbS8srq2Xtmobm5t7+zae/ttGacCkxaOWSy6AZKEUU5aiipGuokgKAoY6QTjm9zvTIiQNOYPapqQfoSGnIYUI2Uk3z7yIqRGQagnmXfsa18XfxHpuyzLfLvm1J0CcJG4JamBEk3f/vIGMU4jwhVmSMqe6ySqr5FQFDOSVb1UkgThMRqSnqEcRUT2dXFFBk+NMoBhLMzjChbq7w6NIimnUWAq8x3lvJeL/3m9VIVXfU15kirC8WxQmDKoYphHAgd UEKzY1BCEBTW7QjxCAmFlgquaENz5kxdJ+7zuOnX3/qLWuC7jqIBDcALOgAsuQQPcgiZoAQwewTN4BW/Wk/VivVsfs9Ilq+w5AH9gff4ArAKZUA==</latexit><latexit sha1_base64="LYZNt8HxJ4DEzlIOGbYm9AGhI0E=">AAACBXicbVC7TsMwFHV4lvIKMMJgqJCYqgQhwVjBAluR6ENqqshxndaq40S2U6mysrDwKywMIMTKP7DxNzhpBmg 5kqXjc+7VvfcECaNSOc63tbS8srq2Xtmobm5t7+zae/ttGacCkxaOWSy6AZKEUU5aiipGuokgKAoY6QTjm9zvTIiQNOYPapqQfoSGnIYUI2Uk3z7yIqRGQagnmXfsa18XfxHpuyzLfLvm1J0CcJG4JamBEk3f/vIGMU4jwhVmSMqe6ySqr5FQFDOSVb1UkgThMRqSnqEcRUT2dXFFBk+NMoBhLMzjChbq7w6NIimnUWAq8x3lvJeL/3m9VIVXfU15kirC8WxQmDKoYphHAgd UEKzY1BCEBTW7QjxCAmFlgquaENz5kxdJ+7zuOnX3/qLWuC7jqIBDcALOgAsuQQPcgiZoAQwewTN4BW/Wk/VivVsfs9Ilq+w5AH9gff4ArAKZUA==</latexit><latexit sha1_base64="LYZNt8HxJ4DEzlIOGbYm9AGhI0E=">AAACBXicbVC7TsMwFHV4lvIKMMJgqJCYqgQhwVjBAluR6ENqqshxndaq40S2U6mysrDwKywMIMTKP7DxNzhpBmg 5kqXjc+7VvfcECaNSOc63tbS8srq2Xtmobm5t7+zae/ttGacCkxaOWSy6AZKEUU5aiipGuokgKAoY6QTjm9zvTIiQNOYPapqQfoSGnIYUI2Uk3z7yIqRGQagnmXfsa18XfxHpuyzLfLvm1J0CcJG4JamBEk3f/vIGMU4jwhVmSMqe6ySqr5FQFDOSVb1UkgThMRqSnqEcRUT2dXFFBk+NMoBhLMzjChbq7w6NIimnUWAq8x3lvJeL/3m9VIVXfU15kirC8WxQmDKoYphHAgd UEKzY1BCEBTW7QjxCAmFlgquaENz5kxdJ+7zuOnX3/qLWuC7jqIBDcALOgAsuQQPcgiZoAQwewTN4BW/Wk/VivVsfs9Ilq+w5AH9gff4ArAKZUA==</latexit><latexit sha1_base64="LYZNt8HxJ4DEzlIOGbYm9AGhI0E=">AAACBXicbVC7TsMwFHV4lvIKMMJgqJCYqgQhwVjBAluR6ENqqshxndaq40S2U6mysrDwKywMIMTKP7DxNzhpBmg 5kqXjc+7VvfcECaNSOc63tbS8srq2Xtmobm5t7+zae/ttGacCkxaOWSy6AZKEUU5aiipGuokgKAoY6QTjm9zvTIiQNOYPapqQfoSGnIYUI2Uk3z7yIqRGQagnmXfsa18XfxHpuyzLfLvm1J0CcJG4JamBEk3f/vIGMU4jwhVmSMqe6ySqr5FQFDOSVb1UkgThMRqSnqEcRUT2dXFFBk+NMoBhLMzjChbq7w6NIimnUWAq8x3lvJeL/3m9VIVXfU15kirC8WxQmDKoYphHAgd UEKzY1BCEBTW7QjxCAmFlgquaENz5kxdJ+7zuOnX3/qLWuC7jqIBDcALOgAsuQQPcgiZoAQwewTN4BW/Wk/VivVsfs9Ilq+w5AH9gff4ArAKZUA==</latexit>
Noise layer
y
I<latexit sha1_base64="lP0IH0ErdoWy6joqL5uJ7px5ktI=">AAACBXicbVC7TsMwFHXKq5RXgBGGQIXEVCUICcYKFtiKRB9SE0WO67RWbSeyHaQoysLCr7AwgBAr/8DG3+CkGaDlSJaOz 7lX994TxJRIZdvfRm1peWV1rb7e2Njc2t4xd/d6MkoEwl0U0UgMAigxJRx3FVEUD2KBIQso7gfT68LvP2AhScTvVRpjj8ExJyFBUGnJNw9dBtUkCLM0d4/8zM/Kv2DZbZ7nvtm0W3YJa5E4FWmCCh3f/HJHEUoY5gpRKOXQsWPlZVAogijOG24icQzRFI7xUFMOGZZeVl6RWydaGVlhJPTjyirV3x0ZZFKmLNCVxY5y3ivE/7xhosJLLyM8ThTmaDYoTKilIquIxBoRgZGiqSYQCaJ3tdAEC oiUDq6hQ3DmT14kvbOWY7ecu/Nm+6qKow4OwDE4BQ64AG1wAzqgCxB4BM/gFbwZT8aL8W58zEprRtWzD/7A+PwBsMeZUw==</latexit><latexit sha1_base64="lP0IH0ErdoWy6joqL5uJ7px5ktI=">AAACBXicbVC7TsMwFHXKq5RXgBGGQIXEVCUICcYKFtiKRB9SE0WO67RWbSeyHaQoysLCr7AwgBAr/8DG3+CkGaDlSJaOz 7lX994TxJRIZdvfRm1peWV1rb7e2Njc2t4xd/d6MkoEwl0U0UgMAigxJRx3FVEUD2KBIQso7gfT68LvP2AhScTvVRpjj8ExJyFBUGnJNw9dBtUkCLM0d4/8zM/Kv2DZbZ7nvtm0W3YJa5E4FWmCCh3f/HJHEUoY5gpRKOXQsWPlZVAogijOG24icQzRFI7xUFMOGZZeVl6RWydaGVlhJPTjyirV3x0ZZFKmLNCVxY5y3ivE/7xhosJLLyM8ThTmaDYoTKilIquIxBoRgZGiqSYQCaJ3tdAEC oiUDq6hQ3DmT14kvbOWY7ecu/Nm+6qKow4OwDE4BQ64AG1wAzqgCxB4BM/gFbwZT8aL8W58zEprRtWzD/7A+PwBsMeZUw==</latexit><latexit sha1_base64="lP0IH0ErdoWy6joqL5uJ7px5ktI=">AAACBXicbVC7TsMwFHXKq5RXgBGGQIXEVCUICcYKFtiKRB9SE0WO67RWbSeyHaQoysLCr7AwgBAr/8DG3+CkGaDlSJaOz 7lX994TxJRIZdvfRm1peWV1rb7e2Njc2t4xd/d6MkoEwl0U0UgMAigxJRx3FVEUD2KBIQso7gfT68LvP2AhScTvVRpjj8ExJyFBUGnJNw9dBtUkCLM0d4/8zM/Kv2DZbZ7nvtm0W3YJa5E4FWmCCh3f/HJHEUoY5gpRKOXQsWPlZVAogijOG24icQzRFI7xUFMOGZZeVl6RWydaGVlhJPTjyirV3x0ZZFKmLNCVxY5y3ivE/7xhosJLLyM8ThTmaDYoTKilIquIxBoRgZGiqSYQCaJ3tdAEC oiUDq6hQ3DmT14kvbOWY7ecu/Nm+6qKow4OwDE4BQ64AG1wAzqgCxB4BM/gFbwZT8aL8W58zEprRtWzD/7A+PwBsMeZUw==</latexit><latexit sha1_base64="lP0IH0ErdoWy6joqL5uJ7px5ktI=">AAACBXicbVC7TsMwFHXKq5RXgBGGQIXEVCUICcYKFtiKRB9SE0WO67RWbSeyHaQoysLCr7AwgBAr/8DG3+CkGaDlSJaOz 7lX994TxJRIZdvfRm1peWV1rb7e2Njc2t4xd/d6MkoEwl0U0UgMAigxJRx3FVEUD2KBIQso7gfT68LvP2AhScTvVRpjj8ExJyFBUGnJNw9dBtUkCLM0d4/8zM/Kv2DZbZ7nvtm0W3YJa5E4FWmCCh3f/HJHEUoY5gpRKOXQsWPlZVAogijOG24icQzRFI7xUFMOGZZeVl6RWydaGVlhJPTjyirV3x0ZZFKmLNCVxY5y3ivE/7xhosJLLyM8ThTmaDYoTKilIquIxBoRgZGiqSYQCaJ3tdAEC oiUDq6hQ3DmT14kvbOWY7ecu/Nm+6qKow4OwDE4BQ64AG1wAzqgCxB4BM/gFbwZT8aL8W58zEprRtWzD/7A+PwBsMeZUw==</latexit>
y
R<latexit sha1_base64="CfSSYnrKg69Kzor8YLgzc8LaJhY=">AAACBXicbVC7TsMwFHXKq5RXgBEGQ4XEVCUICcYKFsaC6ENqoshxndaq85DtIEVWFhZ+hYUBhFj5Bzb+BifN AC1HsnR8zr269x4/YVRIy/o2akvLK6tr9fXGxubW9o65u9cTccox6eKYxXzgI0EYjUhXUsnIIOEEhT4jfX96Xfj9B8IFjaN7mSXEDdE4ogHFSGrJMw+dEMmJH6gsd4485anyz0N1l+e5ZzatllUCLhK7Ik1QoeOZX84oxmlIIokZEmJoW4l0FeKSYkbyhpMKkiA8RWMy1DRCIRGuKq/I4YlWRjCIuX6RhKX6u0OhUIgs9HVlsaOY9wrxP2+YyuDSVTRKUkkiPBsUpAzK GBaRwBHlBEuWaYIwp3pXiCeIIyx1cA0dgj1/8iLpnbVsq2XfnjfbV1UcdXAAjsEpsMEFaIMb0AFdgMEjeAav4M14Ml6Md+NjVlozqp598AfG5w++hplc</latexit><latexit sha1_base64="CfSSYnrKg69Kzor8YLgzc8LaJhY=">AAACBXicbVC7TsMwFHXKq5RXgBEGQ4XEVCUICcYKFsaC6ENqoshxndaq85DtIEVWFhZ+hYUBhFj5Bzb+BifN AC1HsnR8zr269x4/YVRIy/o2akvLK6tr9fXGxubW9o65u9cTccox6eKYxXzgI0EYjUhXUsnIIOEEhT4jfX96Xfj9B8IFjaN7mSXEDdE4ogHFSGrJMw+dEMmJH6gsd4485anyz0N1l+e5ZzatllUCLhK7Ik1QoeOZX84oxmlIIokZEmJoW4l0FeKSYkbyhpMKkiA8RWMy1DRCIRGuKq/I4YlWRjCIuX6RhKX6u0OhUIgs9HVlsaOY9wrxP2+YyuDSVTRKUkkiPBsUpAzK GBaRwBHlBEuWaYIwp3pXiCeIIyx1cA0dgj1/8iLpnbVsq2XfnjfbV1UcdXAAjsEpsMEFaIMb0AFdgMEjeAav4M14Ml6Md+NjVlozqp598AfG5w++hplc</latexit><latexit sha1_base64="CfSSYnrKg69Kzor8YLgzc8LaJhY=">AAACBXicbVC7TsMwFHXKq5RXgBEGQ4XEVCUICcYKFsaC6ENqoshxndaq85DtIEVWFhZ+hYUBhFj5Bzb+BifN AC1HsnR8zr269x4/YVRIy/o2akvLK6tr9fXGxubW9o65u9cTccox6eKYxXzgI0EYjUhXUsnIIOEEhT4jfX96Xfj9B8IFjaN7mSXEDdE4ogHFSGrJMw+dEMmJH6gsd4485anyz0N1l+e5ZzatllUCLhK7Ik1QoeOZX84oxmlIIokZEmJoW4l0FeKSYkbyhpMKkiA8RWMy1DRCIRGuKq/I4YlWRjCIuX6RhKX6u0OhUIgs9HVlsaOY9wrxP2+YyuDSVTRKUkkiPBsUpAzK GBaRwBHlBEuWaYIwp3pXiCeIIyx1cA0dgj1/8iLpnbVsq2XfnjfbV1UcdXAAjsEpsMEFaIMb0AFdgMEjeAav4M14Ml6Md+NjVlozqp598AfG5w++hplc</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0Jb DwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSb G29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="XtOfqhhdKzyBknERA/rBOXt8i1E=">AAAB+nicbVA9T8MwEL2Ur1IKBFYYDBUSU5WwwIjEwlgQ/ZCaKHJcp7XqOJHtIEVRFhb+CgsDCPFD2Pg3uGkH aHnSSc/v3cl3L0w5U9pxvq3a2vrG5lZ9u7HT3N3btw+aPZVkktAuSXgiByFWlDNBu5ppTgeppDgOOe2H05uZ33+kUrFEPOg8pX6Mx4JFjGBtpMA+9mKsJ2FU5KV3EhRBUb1lXNyXZRnYLaftVECrxF2QFizQCewvb5SQLKZCE46VGrpOqv0CS80Ip2XDyxRNMZniMR0aKnBMlV9UV5TozCgjFCXSlNCoUn9PFDhWKo9D0znbUS17M/E/b5jp6MovmEgzTQWZfxRlHOkE zSJBIyYp0Tw3BBPJzK6ITLDERJvgGiYEd/nkVdK7aLtO271zoA5HcArn4MIlXMMtdKALBJ7gBd7g3Xq2Xq2PeVw1a5HbIfyB9fkDJvaX7A==</latexit><latexit sha1_base64="XtOfqhhdKzyBknERA/rBOXt8i1E=">AAAB+nicbVA9T8MwEL2Ur1IKBFYYDBUSU5WwwIjEwlgQ/ZCaKHJcp7XqOJHtIEVRFhb+CgsDCPFD2Pg3uGkH aHnSSc/v3cl3L0w5U9pxvq3a2vrG5lZ9u7HT3N3btw+aPZVkktAuSXgiByFWlDNBu5ppTgeppDgOOe2H05uZ33+kUrFEPOg8pX6Mx4JFjGBtpMA+9mKsJ2FU5KV3EhRBUb1lXNyXZRnYLaftVECrxF2QFizQCewvb5SQLKZCE46VGrpOqv0CS80Ip2XDyxRNMZniMR0aKnBMlV9UV5TozCgjFCXSlNCoUn9PFDhWKo9D0znbUS17M/E/b5jp6MovmEgzTQWZfxRlHOkE zSJBIyYp0Tw3BBPJzK6ITLDERJvgGiYEd/nkVdK7aLtO271zoA5HcArn4MIlXMMtdKALBJ7gBd7g3Xq2Xq2PeVw1a5HbIfyB9fkDJvaX7A==</latexit><latexit sha1_base64="Sjp1AR9f4GPLoTqRfuGGv7Qeu6c=">AAACBXicbVC7TsMwFHXKq5RXgBGGQIXEVCUsMFawMBZES6UmihzXaa3aTmQ7SJWVhYVfYWEAIVb+gY2/wUkz QMuRLB2fc6/uvSdKKZHKdb+t2tLyyupafb2xsbm1vWPv7vVkkgmEuyihiehHUGJKOO4qoijupwJDFlF8H02uCv/+AQtJEn6npikOGBxxEhMElZFC+9BnUI2jWE9z/yjUoS7/gunbPM9Du+m23BLOIvEq0gQVOqH95Q8TlDHMFaJQyoHnpirQUCiCKM4bfiZxCtEEjvDAUA4ZloEur8idE6MMnTgR5nHllOrvDg2ZlFMWmcpiRznvFeJ/3iBT8UWgCU8zhTmaDYoz6qjE KSJxhkRgpOjUEIgEMbs6aAwFRMoE1zAhePMnL5LeWctzW96N22xfVnHUwQE4BqfAA+egDa5BB3QBAo/gGbyCN+vJerHerY9Zac2qevbBH1ifP71GmVg=</latexit><latexit sha1_base64="CfSSYnrKg69Kzor8YLgzc8LaJhY=">AAACBXicbVC7TsMwFHXKq5RXgBEGQ4XEVCUICcYKFsaC6ENqoshxndaq85DtIEVWFhZ+hYUBhFj5Bzb+BifN AC1HsnR8zr269x4/YVRIy/o2akvLK6tr9fXGxubW9o65u9cTccox6eKYxXzgI0EYjUhXUsnIIOEEhT4jfX96Xfj9B8IFjaN7mSXEDdE4ogHFSGrJMw+dEMmJH6gsd4485anyz0N1l+e5ZzatllUCLhK7Ik1QoeOZX84oxmlIIokZEmJoW4l0FeKSYkbyhpMKkiA8RWMy1DRCIRGuKq/I4YlWRjCIuX6RhKX6u0OhUIgs9HVlsaOY9wrxP2+YyuDSVTRKUkkiPBsUpAzK GBaRwBHlBEuWaYIwp3pXiCeIIyx1cA0dgj1/8iLpnbVsq2XfnjfbV1UcdXAAjsEpsMEFaIMb0AFdgMEjeAav4M14Ml6Md+NjVlozqp598AfG5w++hplc</latexit><latexit sha1_base64="CfSSYnrKg69Kzor8YLgzc8LaJhY=">AAACBXicbVC7TsMwFHXKq5RXgBEGQ4XEVCUICcYKFsaC6ENqoshxndaq85DtIEVWFhZ+hYUBhFj5Bzb+BifN AC1HsnR8zr269x4/YVRIy/o2akvLK6tr9fXGxubW9o65u9cTccox6eKYxXzgI0EYjUhXUsnIIOEEhT4jfX96Xfj9B8IFjaN7mSXEDdE4ogHFSGrJMw+dEMmJH6gsd4485anyz0N1l+e5ZzatllUCLhK7Ik1QoeOZX84oxmlIIokZEmJoW4l0FeKSYkbyhpMKkiA8RWMy1DRCIRGuKq/I4YlWRjCIuX6RhKX6u0OhUIgs9HVlsaOY9wrxP2+YyuDSVTRKUkkiPBsUpAzK GBaRwBHlBEuWaYIwp3pXiCeIIyx1cA0dgj1/8iLpnbVsq2XfnjfbV1UcdXAAjsEpsMEFaIMb0AFdgMEjeAav4M14Ml6Md+NjVlozqp598AfG5w++hplc</latexit><latexit sha1_base64="CfSSYnrKg69Kzor8YLgzc8LaJhY=">AAACBXicbVC7TsMwFHXKq5RXgBEGQ4XEVCUICcYKFsaC6ENqoshxndaq85DtIEVWFhZ+hYUBhFj5Bzb+BifN AC1HsnR8zr269x4/YVRIy/o2akvLK6tr9fXGxubW9o65u9cTccox6eKYxXzgI0EYjUhXUsnIIOEEhT4jfX96Xfj9B8IFjaN7mSXEDdE4ogHFSGrJMw+dEMmJH6gsd4485anyz0N1l+e5ZzatllUCLhK7Ik1QoeOZX84oxmlIIokZEmJoW4l0FeKSYkbyhpMKkiA8RWMy1DRCIRGuKq/I4YlWRjCIuX6RhKX6u0OhUIgs9HVlsaOY9wrxP2+YyuDSVTRKUkkiPBsUpAzK GBaRwBHlBEuWaYIwp3pXiCeIIyx1cA0dgj1/8iLpnbVsq2XfnjfbV1UcdXAAjsEpsMEFaIMb0AFdgMEjeAav4M14Ml6Md+NjVlozqp598AfG5w++hplc</latexit><latexit sha1_base64="CfSSYnrKg69Kzor8YLgzc8LaJhY=">AAACBXicbVC7TsMwFHXKq5RXgBEGQ4XEVCUICcYKFsaC6ENqoshxndaq85DtIEVWFhZ+hYUBhFj5Bzb+BifN AC1HsnR8zr269x4/YVRIy/o2akvLK6tr9fXGxubW9o65u9cTccox6eKYxXzgI0EYjUhXUsnIIOEEhT4jfX96Xfj9B8IFjaN7mSXEDdE4ogHFSGrJMw+dEMmJH6gsd4485anyz0N1l+e5ZzatllUCLhK7Ik1QoeOZX84oxmlIIokZEmJoW4l0FeKSYkbyhpMKkiA8RWMy1DRCIRGuKq/I4YlWRjCIuX6RhKX6u0OhUIgs9HVlsaOY9wrxP2+YyuDSVTRKUkkiPBsUpAzK GBaRwBHlBEuWaYIwp3pXiCeIIyx1cA0dgj1/8iLpnbVsq2XfnjfbV1UcdXAAjsEpsMEFaIMb0AFdgMEjeAav4M14Ml6Md+NjVlozqp598AfG5w++hplc</latexit><latexit sha1_base64="CfSSYnrKg69Kzor8YLgzc8LaJhY=">AAACBXicbVC7TsMwFHXKq5RXgBEGQ4XEVCUICcYKFsaC6ENqoshxndaq85DtIEVWFhZ+hYUBhFj5Bzb+BifN AC1HsnR8zr269x4/YVRIy/o2akvLK6tr9fXGxubW9o65u9cTccox6eKYxXzgI0EYjUhXUsnIIOEEhT4jfX96Xfj9B8IFjaN7mSXEDdE4ogHFSGrJMw+dEMmJH6gsd4485anyz0N1l+e5ZzatllUCLhK7Ik1QoeOZX84oxmlIIokZEmJoW4l0FeKSYkbyhpMKkiA8RWMy1DRCIRGuKq/I4YlWRjCIuX6RhKX6u0OhUIgs9HVlsaOY9wrxP2+YyuDSVTRKUkkiPBsUpAzK GBaRwBHlBEuWaYIwp3pXiCeIIyx1cA0dgj1/8iLpnbVsq2XfnjfbV1UcdXAAjsEpsMEFaIMb0AFdgMEjeAav4M14Ml6Md+NjVlozqp598AfG5w++hplc</latexit><latexit sha1_base64="CfSSYnrKg69Kzor8YLgzc8LaJhY=">AAACBXicbVC7TsMwFHXKq5RXgBEGQ4XEVCUICcYKFsaC6ENqoshxndaq85DtIEVWFhZ+hYUBhFj5Bzb+BifN AC1HsnR8zr269x4/YVRIy/o2akvLK6tr9fXGxubW9o65u9cTccox6eKYxXzgI0EYjUhXUsnIIOEEhT4jfX96Xfj9B8IFjaN7mSXEDdE4ogHFSGrJMw+dEMmJH6gsd4485anyz0N1l+e5ZzatllUCLhK7Ik1QoeOZX84oxmlIIokZEmJoW4l0FeKSYkbyhpMKkiA8RWMy1DRCIRGuKq/I4YlWRjCIuX6RhKX6u0OhUIgs9HVlsaOY9wrxP2+YyuDSVTRKUkkiPBsUpAzK GBaRwBHlBEuWaYIwp3pXiCeIIyx1cA0dgj1/8iLpnbVsq2XfnjfbV1UcdXAAjsEpsMEFaIMb0AFdgMEjeAav4M14Ml6Md+NjVlozqp598AfG5w++hplc</latexit>
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Fig. 3: Channel measurements in 2D-CCS are realized using convolutional filters PR and PI. Using end-to-end learning, the base matrix in
2D-CCS, i.e., P = PR + jPI, is optimized to maximize the probability of beam alignment using the compressed channel measurements.
is scaled so that ‖H‖F = N . For the test set, however, we use
a common scaling for all the channels such that E[‖H‖2F] = N2.
Here, E[·] denotes the average across the test channels. The channels
are then restructured according to the procedure in Section 3.1.
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Fig. 4: The plot shows the 2D-DFT magnitude of the base matrices
optimized with our procedure for M = 10. Weight quantization
slightly perturbs the beam pattern. The beams in optimized 2D-CCS
radiate power along the directions that are more likely to be optimal.
We explain how our network is trained and provide insights
into the optimized base matrix. For M channel measurements, our
method first samplesM distinct 2D-integer coordinates from anN×
N grid at random and constructs the subsampling set Ω. TheN×N
integer grid corresponds to the support of G in (2). Then, the pro-
posed deep neural network is trained for 30 epochs with the restruc-
tured channels and the associated class labels from the training set.
A good base matrix is one whose beam pattern has a large mag-
nitude along the directions that are more likely to be optimal. A
discrete version of this beam pattern is the 2D-DFT of the base ma-
trix. For the scenario corresponding to Fig. 2a, the 2D-DFT of the
optimized base matrix derived after training is shown in Fig. 4a. A
3-bit phase quantization is performed over the optimized base ma-
trix to obtain Pquant; the 2D-DFT of Pquant is shown in Fig. 4b.
It can be observed that the beam pattern corresponding to Pquant is
well matched to the beamspace prior in Fig. 2a. As quantization can
lower the beam prediction accuracy of the trained network, the four
fully connected layers in our network are retrained with 30 epochs.
We evaluate the proposed deep learning-based 2D-CCS tech-
nique in terms of the achievable rate over the test dataset. The 2M×
1 compressed channel measurement vector after subsampled convo-
lution with Pquant is perturbed by AWGN of variance σ2/2. The
SNR observed at the RX when the TX uses a quasi-omnidirectional
pattern is defined as 1/σ2. As we focus on beam alignment using the
2D-DFT codebook, the SNR after beamforming can be expressed in
terms of the 2D-DFT of the channel, i.e., X. The SNR at the RX
when the TX applies the (i, j)th element of the 2D-DFT codebook is
SNRBF = |X(i, j)|2/σ2. The achievable rate corresponding to this
SNR is log2(1+SNRBF). For every channel, the exhaustive search-
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Fig. 5: Deep learning-based beam alignment with an optimized base
matrix performs better than standard CS with a random phase shift-
based design. The proposed approach can reduce the training over-
head by 4× when compared to standard CS.
based approach finds the optimal beam index (iopt, jopt) where |X|
achieves its maximum. For the proposed deep learning-based ap-
proach, the index corresponding to the predicted beam is used to
compute the rate. We compare our algorithm with CS-based beam
alignment that uses a random phase shift-based design.
The achievable rate plot in Fig. 5 indicates that our deep
learning-based approach results in reasonable beam alignment with
just M = 10 channel measurements. Standard CS with a random
phase shift-based design, however, requires about M = 40 channel
measurements to achieve comparable performance. It can be ob-
served from Fig. 4b that the beams corresponding to our structured
CS training focus power in a small set of directions that are more
likely to be optimal. Such beams result in a higher SNR in the
compressed channel measurements which translates to better beam
alignment performance.
5. CONCLUSIONS AND FUTUREWORK
In this paper, we developed a novel approach for compressive beam
alignment with millimeter wave phased arrays. Our method is
based on a structured compressed sensing technique called 2D-
convolutional compressed sensing. Any CS matrix in 2D-CCS
can be parameterized by a base matrix and a subsampling set.
We showed how deep learning can be used as a tool to optimize
the base matrix in 2D-CCS. The optimized base matrix resulted
in a phased array compatible structured random CS matrix which
achieved superior beam alignment than the common random phase
shift-based design. In our future work, we will develop low com-
plexity techniques for beam prediction and also extend our approach
to wideband channel estimation with mmWave phased arrays.
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